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TRMWWRSE OSCIGIATIONSINA CYLINDRICfiCOMBUSTIONCHAM6ER

ByFranklinK.MooreandStephenH.Maslen

SUMW!RY

A studyhasbeenmadeof certainfeaturesoftransverseresonance
inan idealizedcaitm.stionchamber.Modesofweakoscillationaredes-
cribed,withaverageMachnumberneglectedbutwiththeeffectofaxial
gradientofmeantemperatureconsidered.Theseweakosc~atio~ me
assumedtobe smplifiedby couplingwiththevigorouscombustionoccur-
ringinflsme-holderwakes.

A flsme-holderwakeisidealizedas a thinamnulusperfo~g
mechanicalworkonthesurroundinggases.Theamplificationofthe
variousmodesdependsontheflame-holderdiameter,centerbodydiameter,
andontime-lageffects.

Thenatureoffinitetransverseperiodicwavesisalsoanalyzed.
Resultsshowthatsuchwaveshavefrequenciesindependentofamplitude
anddonotsteepenwithtime,atleastto secondorder.

INTRODUCTION

Theflowinthecombustionchanibersof jetenginesisfrequently
subjectto a resonantosciUation,thecharacterofwhichdependsonthe
particularengineconfiguration.Thetransverse-wavemotionsdescribed
by theclassicaltheoryof acousticoscillationsinsidecylindrical
enclosures(refs.1 and2)maysomethesbe important.

Intheclassicaltheory,thefluidmediumisconsideredtobe at
restandina uniformstateexceptforweakisoenergeticfluctuations
tivelocityandstateproperties.Undertheseassumptio~,themotion
isgovernedbythewaveequation,writtenhereincylindricalcoordinates
forthepressuredisturbsmce(sketch(a))
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Velocityandpressurefluctuationsarerelatedby theequation

p~+vp’=o (ib)

A classof solutionsof equation(la)suitableforfiternalflowsis

where n isanypositivetiteger.

(a)Coordinatesystemandsketchoffundamentalsloshingmode.

(Acompletelistof symbolsisgivenintheappendix.) Forresonant
oscillations,C and m aredeterminedby conditionsattheendsofthe
cylinderandfromtheconditionof zeroradialvelocityatthecylinder
wall(r= R)

(3)

Foreachvalueof n thereexistsan infinitenumiberofsolutionsof
equation(3)for C,becauseJn isan oscillatoryfunctionof its
argument. Hereinafter,thenumberm wiUbe usedtospecifythat C

is chosen as the(m+l)th nun@erforwhichthederivativeof Jn
vanishes,but Jn doesnot.

If considerationisrestrictedto oscillationsindependentof x,
thetwos3mplestcasesare: first“radial”mode(n= O,m = 1),

3.83~t
p’=e

()
Jo3.83; (4)
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andfirst“slosMng”mode(n= 1,m = 0),

Thelociof
m= O) areshown
opposed,andthe
tratedcaseofa

(5)

disturbancemotionsforthefirstsloshingmode(n= 1,
insketch(a). Therearetwonodes,diametrically
fluidappearsto sloshbetweenthesenodesintheillus-
standingwave. Thismodehasthelowestfrequency

(~= . )1 84 of&U_thepossibletransversecylindrical.yaves.

Inthepresentreport,itw511.be assumedthatresonantconibustion-
chauiberoscillationsresultfromtheamplificationof initidly weak
trsmsversepressuredisturbancesinteractingwiththecombustionpro-
cess. (Theamplificationoftransversewavesinsolid-propellantrockets
hasbeenstudiedby Gr~ (ref.3)andCh&g (ref.4).) Onthisassumption,
thefollowingproblemsareinvestigated:
#

(1)Modesofosci3J&ion:Thetransversemodesof oscillationshould
be relatedto conditionsina combustionchaniber,whichcontainsgasesin
motionwithseveregradientsof statepropertiesowingtoheatreleased
by thecmibustionprocess.Theseconditionsareatvariancewiththe
assumptionsof classicalacoustictheory.

(2)Amplificationata
especiallyvigorousburning
wouldthereforebe expected
oscillationsinthevarious
ttielagintheinteraction

thin annulus: Flameholders(fig.1) tiduce
titheirwakes.Flame-hol&rconfigurateions
to affecttheamplificationofcotititor
modes.Amplificationisalsoaffectedby any
oftheburningprocesswiththeoscillations.

(3)Ftiitetransversewaves:Combustion-chaniberoscillationsmay
haveextremelyhighamplitudes.Thecharacteroffinite-stren@htrans-
versewavesthereforemeritsan investigationto determine,forexsmple,
whetherornotcompressivetransversewavessteepento formshocks,as
doplanewaves.

MODESOFOSCILIA!IION

Differentid EquationsandAssumptions

Theactionofa flameholderina combustor(fig.1)tendstopro-
ducea regionextenctbgdownstreaminwhichburningisespeciaJJyvig-
orous.Thegasessurroundingtheflsme-holderwakewouldpresumablybe
burning,butata slowerrate.Thesesurroundinggases(shownshaded
infig.1)areassumedto obeytheequationsofcompressiblenonviscous
flowwithheataddition

. ..—



4 NACATN 3152

Momentum:

Continuity: P#v. (Pq)=o—

Energy:
DC?

P- +pv.q= pH— }

State: P = (r- l)pc~ J

h theabsenceof disturbance,one-tthnensionalsteadyflowis
assumed,andequations(6)become

— \
pu~ = - px

~= Constalt

(6)

(7)
?

Thedisturbancefieldisassumedto involvethehigh-frequency
motionusualincasesofacousticresonance.Theconsequentassumption

ismade
usually

ii ()= orderE
& (8a)

concerningderivativesW thedisturbancefield.Combustors
producelargetemperaturechangesatratherlowMachnumber.

Accord&l.y,theassumptionof smalllkchnuniberismade

fi<<l (ah)

Thevariousflowquantitiesmaynowbe assumedtobe perturbed
slightlyfrcmtheirsteadyvalues;thus,forexample,

p(x,r,e,t)= ~(x)+ p’(x,r,e,t)

If equation(8c) andsimilarexpressionsforthe
ertiesaresubstitutedintoequation(6),takingnote
(8a),and(8b),therefollows,to firstorder,

(8c)

otherflowprop-
ofequations(7),

.

,,
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If itisfurther
change,therate

5

assumedthat,whenthetemperatureundergoesa relative
ofheatreleaseH hasa relativechsmgeofthesame

order,-thentherightsideoftheforegoingequationisof orderfi,and,
forconsistencywithequation(Elb),shouldheneglected.Theequation
replacingthewaveequation(la)isthus

& TX
~-yp;= @p’ (9a)

‘Tothesameorder,thefollowingadditionalequationsapply:

Thus,to zeroorder
fiedby couplingbetween

in
an

ever,tothisorderinMach

(9b)

(9C). .

(9d)

Machnumber,theosciUa.tionsarenotan@i-
osciJlationandthecodmstionprocess.~w-
number2themodeof oscillationisaffected

by themeantemperaturegradient‘~ producedby theburning.

solutions

Equation(9a)maybe satisfiedbysolutionsh thefollowingform
(obtainedby separationof v=iables):

where G(x)mustsatisfytheequation

Ifthedistancerequiredforunitrelativechaageintemperatureislong
comparedwiththeb~er diameter,thenthetermofequation(lOb)con-
tainingthefactorTx maybe neglected,andequations(10]maybe re-
placedbytheclassicalsolution(eq.(2)),thespeedof sound
~=~betig regudedas=iabletith x. Ifthetenninvolv-
ing i issotneglected,thenequation(lOb)mustusually%eintegratedx
numeri~ddy.

..- --- ..—— -— —... ——— . ..-—. ___ -
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TheconstantC isdeterminedby
and m isthendeterminedby anaxial
assumedforthiscasetobe

NACATN 3152

transversebounderyconditions,
boundarycondition,whichis

(1OC)

where af isthefinal(maximum) speedofsoundattainedintheCm.

bustor.If equation(lOc)applies,thex-dependenceoftheosc~tion
isgovernedby theequation(whichreplaceseq.(lOb))

ii.. [1~2 a:
G“+yG’+- —-lG=O

R2 =(X)2
(lOd)

Clearly,if ~ approachesa constantvalueas x increases,equation
(lOd)providesthat G mustbecomeandrematiconstant(G being
assumedto remainftiite).Therefore,theeffectof eqwtion(1OC)is
to asswnethatanyoscillationbecomesentirelytransverseforlarge
x. Intheregionupstreamoftheflameholderthereisa sinusoidal
variationofpressurewith x, whichfora travelingwaveresultsina
spiralwaveform.

Figuxe2 illustratestheaxialformofthemodecorrespondingto
equation(1OC)obtainedby numericalfitegrationof equation(lOd)for
theillustratedaxialvariationof soundspeedandfortheratios
R/L= 0.1andl. TheconstantC wastakento correspondto thefirst
sloshingmode(n= 1,m = O),andthesolutionsweread$.wtedsothat
G(-)= 1 ineachcase.Thelargervalueof R/L correspondsmost
closelyto a largeconibustor,whiletheothervaluewouldbe morereason-
ablefora combustorwitha verysmalldiameter.

Al@IJl?ICAIIIIONATA THINAMNWSJS

AssumptionsandBoundaryConditions

It isassumedthatburninginthewakebehinda flameholder,
hereassumedtobe annular,issubstantiallymorevigorousthaninthe
smoundinggases(fig.1). Thus,theassum@ionsleaMngto eqy.ations
(10)areinappropriateto oscillationsoccurringwithintheannulus.A
Uferent s@lifyingassumptionismadeconcerningtheannulus;nsmely,
that theregionofvigorousburningisetiremely
supporta transversepressuredifference.Thus,
and w to denotethedisturbancefieldsbetween
andannulusandouterwall,respectively,

‘1

thin-too ttito ‘-
employingsubscriptsc
centerbodyandannulus,

(I@

-———— ——. .————
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Withinthesmnulus,theburdngratei6assumedtoundergorelative
changeinproportionto relativechangeintemperature(andhencepres-
sure,forsufficientlysmallaxialsteady-stategrwents (eq.(9)).
Thisfluctuatingener~ releaseintheannulusis conmnmicatedtothe
surroundinggasesasfluctuatingmechanical.work,suchaswouldbe per-
formedby an ameroidexpandingandcontracting.Themechanical~rk
wouldbe

Thus,m
perature

where K

inproportiontothe‘radial.velocity–difference

v~r(rl,e,t)- v:(rl,e,t]

viewof equation(9b) andthepostulated
and

is
theannulus,
axislextent

heatrelease,fora vanishhglythin
relationbetweentem-
annulus,

a q~tity ~~ch depenfionthecombustionprocesswithti
andmustingeneralvary~tithX . Ifthe Emnuhsh asan
much@?eaterthanthecombustordismeter,then K ~

be regardedas constant.(ThisconditionisnotMlselytobe satisfied
ina realconihstor,butisconsideredtobe qualitativelypermissible.)

Equations(ha) and(llb) (K regardedas constant)areboundary
conditionstobe imposedontheoscillationinthesurroundinggases.
Thisoscillationisconsideredas composedoftwoparts,applicablefor
r<rl and r>rl separately,eachparthavingtheformof equation
(lOa).TIN.w,twosetsofconstsntsappear:%) PC ~d ~, pw. Further
boundaryconditionsspecifyvanishingnormslyelocityattheouterwall
ad atthecenterbody:

Thefourhomogeneousboundaryconditions(eqs.(U.])relatethe
fourconstantsac,PC,~~ ad ~tiandyieldthefollowi.ngdeterminantal
equationfor ax

------- —— .-. . . ..-—. ..__ ._ ._-. _ ..____ ____ ________ -------- _______ ..__
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where z= Qr~~, Zs S2R/~,and Z.s Qr~/a..First-ordertermsin K
define~ andyieldthe
oftheimaginarypartof

wficiisequalto thenegative

— -0

Thegroupingofconstantsontheleftshouldbe heldconstantforcom-
parisonoftheeffectof changesinflame-holderandcenterbodyconfig-
urateion. b particular,sincethequantityK (eq.(llb))mustdepend
ontherateofheatreleaseperunitsurfaceareaoftheamnulus,firlK
isproportionalto thetotalrateofheatreleaseattheannulusperunit
length,andhence,forceison Pwoses~ shofid

H thereisno centerbody~

4R2 I’&(z)$(ZJ~Jill(m)= Z2

()2firl~ 1- ;

be heldconstant.

S A2

— -. ——
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TheamplificationA2,forthecaseofno centerbody,isplottedin
figure3 forseveralmodesasa functionof r/R. Thegreatestamplifi-
cationoccurswiththeradialmode(n= O,m = 1)whentheb~tig is
concentratedneartheaxis.Amplificationisgenerallygreatestwhen
ener~ isaddedneara pressureloop(ref.2,p. 226),andonlytheradial.
modes(n= 0)havesucha loopneartheaxis.Thehighermodes{nz 1}
havepressurenodesattheaxisandarenotsmplifiedatallwhenburn-
ingisconcentratedthere.Iftheannulusisplacednearthewall,higher
modes(whichhavepressureloopsatthewalJ.)undergothegreater
simplification.

Theeffectof a centerbodyisshowninfigure4. Onlytheftist
sloshingmode(n= 1,m = 0) isconsidered.Iftheannulusisnesrthe
outerwall,thepresenceofa centerbodydecreasestheamplification
somewhat,whereastheoppositeistrueifthesm&il.usisnearthecenter
ofthechsmber.

ing
the

The kg

Figures3 and4 predicttheoccurrenceoftheradid.modeforburn-
nearthesxisorhigher-ordertransversemodesforburningfarfrom
axis. However,it isreasonableto inquirewhetherornotthesere-

sultsmightbe alteredifthereisintrodu~eda the hg”bet~~enstate
changesandfluctuationsofthecombustionprocess.Theshplestlag
hypothesisforthepresentproblemisthata changeintemperaturepro-
ducesa correspondtigchangeinheatreleaseata somewhatlatertime.
(CroccoandCheng(ref.5)andCheng(ref.4) considertheeffectsof
timelagintheiranalysesofresonanceinrocketengines.) Thebasic
causeof sucha lagisnotspecified,butmightderivefromthecombus-
tionktieticsofeachburntigelement.

Thus,equation(llb)isreplacedby

(15)

wherez isa (constant)timelag. Theswilysissubsequentto eqmtion
(llb)maythenbe repeated,resultingina modificationof equations(13)
and(14)

~2
-— 3m(m)=[~ orA2] cos$2T2
%=f

—.- —-.._— —- —— —___ .__...__ ____ ____
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If Q% c Z, ticreasingthefrequencydecreasesthe
fact,causesdampingti Ye/2<S?r<n. Therefore,

NACATN 3152

amplificationand,in
theampltiicationof

the firstslosh3ngmode(n= 1,m = O)wouldbe moreintenserelativeto
theothermodesthanis tidicatedinfigures3 and4.

ActualJy,itwouldnotbe expectedthata singlethe lag % char-
acterizestheentireburningprocess,butratherthateach-burningele-
mentwouldhavea differentresponselag,sothateachofthequantities
A Cos

where
be

which

hasa
place

S?’cinequation(16)isreplacedby
w

A
J

F(z)COS$?T d~
o

F(T)isa distributionfunctionforwhicha suitablechoicemight

(17)

w

hasthepropertiesF(O)=F(o’)= O,J F(~)d~= 1, andwhich
o

maximmat T = z*. Useoftheprecedingrelationsyields,in
ofequation(16),

Therefore,modesforwhichQ%*> 1 wouldbe dsmpedifthis
holds . F& amplifiedmodes,thecoefficientof
simplificationofmodesofhigherfrequency.

FINITETRANSVERSEWAVES

(18)

equation
~heA’sdiminishesthe

h one-dhnensionalunsteadyflaw,strongcompressionwavesprogres-
sivelysteepentitoshocks,whichmovewitha speedgreaterthanthatof
sound. Thisdependenceofpropagationspeedonsmplitudeimpliesa de-
pendenceofwaveformandfrequencyonsmplitudeinanyone-dimensional
cyclicprocessinvolvingcompressionwaves.Thesubsequentanalysisis
concernedwithdeterminingwhetherornotamplitudeissimilarlyimpor-
tantforstrongtransverseosc~tions
catewhethera~eementbetweenacoustic
anticipated.

.

tia cylinder,inorderto indi-
theoryandexperimentmaybe

.

- .———_ --- .
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Dii?ferentialEquations

An isentropicirrotationaldisturbancefield
obeystheequations

(notnecessarilyweak)

Momentum:

(19)

Centinuity: pt+ v.(pcJ)= o

Stateisentropy: pccpy

Definitionofpotential: ~ =VQ
1

where~ isthespeedof soundintheabsenceofanyoscillation.Equa-
tions(19)maybe combinedtoyielda differentialequationfor q:

Next,a finite-strengbhwavepatternissoughth theformofa
powerseriesinanamplitudepammetere

(21}

Substitutionintoequation(20)andcollectionoftermsoffirstandsec-
ondorderin & yield,respectively,

(22)

andSO forth.

solutions

One-dhnsionalmotion.- A weaktravelingwavemayhavetheform

Jl) ()=ksin Qt+&
a

(24)

——. - ——.—_ .. .. . . . . . ____ ____



12 NACATN 3152

whichsatisfiesequation(22).Thenequation(23)maybe written

(25)

No solution
of a strong
becausethe

of equation(25)canbe writtenconsistentwiththeexistence
wavemovingatconstantspeedwitha permanentwaveform,
sol-tionmustcontatia particularimtegralofthetype

(26)

Therefore,nopermanentone-dimensionalfinitewaveispossible(ref.2,
p. 480).

Transversemotionina cylindricalpipe.- Fromequation(2),the
ftistsloshingmode(n= 1,m = 0) ischosenforstudy:

(27)

Equation(27)representsa wavespinningina clockwisedirection.The
additionofa wavespimningtitheoppositedirectionwouldyielda
standing,orsloshing,motion.Eqpation(27)cannotbe interpretedas
representinga successionofpulsestravelingwiththespeedof sound,
ascanequation(24).The“wavefronb”ofequation(27)travelsatan
apparentMachnunibervary5ngfromzeroatthecyltidersxisto1.84at
thecylinderwallandthereforeshouldbe regardedessentislllyasan
interferencepattermratherthanasa wavefront.Theforegoingconsid-
erationsuggeststhattheprogressivesteepeningwithtime,characteris-
ticofisolatedpulsesand~ustratedby equation(26),neednotneces-
sarilybe expectedM thecaseoftr

77
v rsenmtionina cylinder.The

attemptisthereforemadeto obtainQ 2 intheform

S@stitutingequations(27)and(28)intoequation(23)yieldsanequa-
tionfor f(z)

.
\

.

. —
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Theboundaryconditionatthecylinderwall.is

and,at z = o, f(z)

Thesolutionto

f(z)=

f’(z)= o

mustbe U analyticfunction.

equation(29)maybe writtenas

where,by substitution
oftheequation

.!3”

{r 1}(Y+ 1) DJ2(2z)- g(z) + J12(z) (31)

intoequation(29),g(z)isa particularsolution

+:~’+41-&=J12/z)
()

and DJ2(2z) isthecomplementarysolutionofthesameequation.The
constantD ischosensothatboundarycondition(30)issatisfied.
Equation(32)maybe solvedby a seriesmethod,adoptedforconvenience
incomputation,yieldingtheresult

01979 z 14 4387 z 16

7257600? 0+ 22861400~ - “““ (33)

Introductionof equations(31)and(33)intoboundsrycondition(30)
gives

D =- 0.384433 (34)

Equations(28),(31},(33),and(34)completethesolution,hdicating
thata “permanent”transverseacousticwaveoffinitesmplitudeispos-
sible,atleastto secondorder.Thus,a strongwaveformmayhavea
Fourierseries,consisttngoftheltiearizedsolutions.nditsharmonics,
fortransversemotionina cyltider,butnotfora purelyone-dhensional
wave.

NumericalResultsandDiscussion

Theresultsof
equationsofmotion

theprevioussectionmaybe expressedthroughthe
(eqs.(19))intermsofpressurefluctuation:

- —.—— ——— .—... - - _ . . ... -—.._
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~ [ J
=1+ 6*P1COS @t+e)+& @P20+P22cos2(w +e) +“”.

E-
(35)

wherethedefinition

ismade,sothat PI(Z)=.1, asa matterofchoice.Furthermore,

Jl(z)

‘1=~

}

(37)

With y = 1.4assumed,numericalresultsfor Pl,P20,and P22
areshowninfigure5 asfunctionsof r/R(equivalentto z/Z).Thesym-
bol Pl representstheradialdistributiono.fpressureamplitudeina
spinn~ acousticwaveofthefirstsloshingmode(n= 1,m= 0);P20
isa steadysecond-ordercorrectionto theradid.pressuredistribution,
andsignifiesthattheosciJJ-ationtendsto exhaustthecenterofthe
cylinderandcompressthefluidnearthewall,inthemannerofa cen-
trifuge;and p22 istheradialdistributionofpressureamplitudeof
theftistovertone.Thisovertoneis strongestrelativeto thefunda-
mentaltoneatthewaXlandisrelativelyweakestatthecylinderaxis.

Themodtl?icationofthewaveform,whentheoscillationisrather
weakbutnotof Wfiitesimalstrength,isillustratedinfigure6.
Owingto termsof secondorderin &*,thepres&urecrestsatthecyl-
inderwallaresteeperandhigherthanthoseofthefundamentalharmonic
~~ve,andthetroughsarebrcaiierandshallower,h thef~ pattern
of second-harmonicdistortion.A lessersecond-ordereffectisthe
slightincreaseinaveragepressureatthecylinderwall,owingto P20.

Thesteepnessofthecrestsillustratedinfigure6 is suggestive
ofthesteepeningof one-dhensionalcompressionwavesleadingto shock
formation,butisnota progressivesteepeningwithtimeas intheone-

.

dimensionalcase.Rather,themodifiedwaveshowninfigure6 maybe
imagtiedtoproceedaroundthecylindervallwithout changead infinitmn. a

—-. —.——— .—.
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To thepresentorderofapproximation,thefundamentalfrequencydoes
notchangeeitherwithtimeorwithsmplitude,althoughovertonesappear
inproportionto amplitude.Itmaythereforebe concludedthatviolent
codmstion-chsmberresonanceisnotnecessarilyincompatiblewith
acoustic-theorypredictions.

Thepermmentisentropiccharacterofthesolutionobtainedinthe
foregoinganalysissuggeststhatstrongtransverseoscillationsmaynot
be subjectto thedissipativenormslstresseswhichtendto limitthe
amplitudeofa one-dhensionalstrong-wavecycleinvolvingshockwaves.

CONCIU!31NGREM&MS

Ontheassumptionthatcotiustion-chsmberre~onsnceresultsfromthe
simplificationofan initiallyweakwaveoftransversetypecoupledwith
a pressure-dependentrateofenergyreleaseintheconibustor,threeprob-
lemswerediscussed:

1.Modesofoscillation:Itwasshownthatifthemeanflowllach
numberisassumedverysmaJJ-,thenthepossiblemodesofweakdisturbance
aregovernedby a waveequationinclassicalformexceptfora termde-
pendingonthestresmwiseveriationoftemperatureinthecombustor.
Twosuchmodesweredeterminedlynumericalintegration,subjectto the
assumptionthatintheafterportionofthecotiustortheoscillationis
purelytransverse.Thesemodesconformtotheclassicalspiralmodes
(ifthewaveis a travelingone)upstreamoftheburningzone,witha
pitchdependingontheratioofchamberdiametertolengthofburning
zone,aswellas onthecombustort%era~e.

2.Ampltiicationata thinannulus:Intheapproximationofvery
small.Machnuuiber,theburningprocessdoesnotsmplifythemodesdes-
cribed.Theespeciallyvigorousburningina flame-holderwakewould
providesimplification,however.A flame-holderwakeisidealizedasa
thinannulusperfomingworkuponthesurroundinggasesinproportion
totheinstantaneouspressurelevel.

lUMJ.YSiSoftheresultingamplificationindicatesthatconcentra-
tionofvigorousburnfignearthecenterofthecombustoramp~ies the
radialmodemoststrongly.Burn3ngconcentratedneartheconib~torwall
smpltiiesthehighersloshingmodes.Thepresenceofa centerbody
slightlyincreases(decreases)the

T
lificationofthesloskhgmodeH

energ isaddedneartheinner(outerwall.

Suppositionofa timelagbetweentemperaturedistwbanceandheat-
releaserateintheannulusfavorssimplificationoflower-frequency
modes;inparticular,thefirstsloshingmode,whichhasthelowestfre-
quencyofallpossiblemodes.

. .——.— ——-z—- .——. _. —--- .—..-..— ..-



16 NACATN 3152

3.Finitetransversewaves:Thenatureofstrongtransverseacous-
ticoscillationswasconsidered.Itwasshownthat,to secondorder,

\ smplitudeaffectswaveformina spinningosc~tion, causingthepres-
surecreststobe higherandsharperandthetroughsshallowerand
broader.Theavemgepressureisdiminishedneartheaxisandincreased
nearthewall,suggestinga sortof centrifugalpmping. Thewaveform
doesnotundergoprogressivechmgeleadingto formationof a shock,as
inone-dimensionalflow;rather,thefundamentalfrequencydoesnotde-
pendonamplitude,tothepresentorderofapproximation.

Furthermore,thepermanentlyisentropicnatureofthetransverse-
wavesolutionsuggeststhattransversemodesina cylindricalenclosure
arenotinhibitedby viscouseffectsto thesamedegreeas areone-
dimensionalwaves,andforthisreasonareperhapsbetterableto attain
extremeamplitudes.

LewisFlightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,I&y19,1954

——. ——— ._
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APPENDIX- NOTATION

Thefollow5ngnotationisusedinthisreport:

‘lJ%

z

af

c

c
v

CP
D

f

G

f3

H

Ihl

Jn

K

k

L

R

m

n

Nn

P1)P2(3)P22

P

simplificationrates(eqs.(13)and(14))

speedof sound,q(r- 1)CPT

finalspeedofsoundattainedh cmibustor

constant

specific
I

specific

constant

function

function

function

(eqs.(2)and(10))

heatat constsntvolume

heatatconstantpressure

(eq.(34))

associatedwithsecond-ofiersolution(eq.(28))

usedindescriptionofmode(eqs.(10))

associatedwithsecond-ordersolution(eq.(31))

steadyrateofheatreleaseperunitvolume

ax Part

Besselfunctionoffirstkindofordern.(ref.6)

constantofproportionality(eq.(llb))

amplitude(eq.(24))

axialexbentofregion
(fig.2)

meanflowMachnumber

of substantialtemperaturechange

eachofthesequenceofnumbersforwhich J:= O

mode

Besselfunctionofsecond-d of ordern (ref.6)

pressmecoefficients(eqs.(37))

staticpressure

,- .- -—. . - .— ————— _——— —-——. —. .——.- . - —.-
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-itu* Ofd~t~bace velocityvector

disturbanceveloci~vector

Wide radiusof conkm.stionthan.iber(fig.1)

radialcoordinate(fig.1)

combustordimensions(fig.1)

statictemperature

ttie .

axialperturbationvelocity

axialcoordinate(sketch(a))

QRMmensionlessqpantity,—
9
Qrdimensionlesscoordinate,~

QrO Qrl—, ~
%f

coefficient(eq.(lOa))

coefficient(eq.(lOa))

J
ratioof specificheats,c Cv

smplitudeparameters(eqs.(21)and(36),respectively)

coefficienttivolvedinsolutionof equation(12)

angularcoord3mate(fig.1)

density

timelag(eq.

mostprobable

(15))

timelag(eq.(17))

disturbancevelocitypotential(~=Vq)

frequencytiabsenceofbumdng

frequency

8

.

——— ._..__ ———. ____
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Superscripts:

(1) first-ordersolution

(2) second-ordersolution

I disturbancequantitiesand,whenconvenient,or-
differentiation

Barredsymbolsdenoteflowquantitiesinabsenceofdisturbance.

Subscripts:

c regionro<r<rl

n mode

w regionrl<r<R

Subscriptnotationforpartialdifferentiationwhenconvenient.

1.Morse,PhilipM.: VibrationandSound.Secondcd.,McGraw-Hill
BookCo.,hlC.,1948,par.32.

2.~leigh: TheTheoryofSound.Vol.II. Doverlib.,1945.

3.Grad,Harold:ResondnceBurdnginRocketMotors.Communications
onPureandAppl.Math.,vol.II,no.1,Mar.1949,pp.79-102.

4. Cheng,Sin-I.:HighFrequencyConihstionInstabil.i~h SolidPro-
pelJsntRockets.Rep.No.221,Aero.Eng.Iab.,PrincetonUniv.,
Feb.1953.

5.Crocco,Luigi,andCheng,Sin-I.:HighfrequencyCombustionInstab-
ilityinRocketMotorwithConcentratedCombustion.Jour.Am.
RocketSot.,vol.23,no.5,Sept.-Ott.1953,~p.301-313.

6.Jahnlse,Eugen,andlhade,Fritz:TablesofFunctions.Fourthcd.,
DoverPub.,1945.
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mgure 4. - Amplffioationrateforfirstsloshlngmode(n. 1,
m . O)withcenterbodyandburningInennulus.
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